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Parallel issues;

Results.
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ObjectivesObjectives

Incompressible fluid flow;

Newtonian and Non-Newtonian fluids

Large scale problems;
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ApplicationsApplications

Oil and gas industry:
– Flow of clay;
– Salt domes formation;
– Flow of drilling mud in borehole annulus.

Other industries:
– Injection and extrusion of polymers;
– Food flow;
– Pastes;
– Blood flow into arteries;
– Etc...

Main focus
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GoverningGoverning EquationsEquations
((SteadySteady StateState))
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Newtonian:

Power Law:

Bingham:

Momentum conservation

Continuity:
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FluidFluid RheologyRheology

(Viscous models)

( ) cons tantμ γ μ= =

NON-NEWTONIAN FLUIDS:
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σ
Bingham:
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nkμ γ μ γ −=

Power Law: Others:

Oldroyd,

Carreau, etc...

NEWTONIAN FLUIDS:
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FluidFluid RheologyRheology

(Viscous models)
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SUPG/PSPG SUPG/PSPG FiniteFinite ElementElement FormulationFormulation

( ) ( ) ( )h h h h h h h h h:d p , d hd q dρ
Ω Ω Γ Ω

⋅ ⋅ − Ω + Ω − ⋅ Γ + ⋅ Ω∫ ∫ ∫ ∫w u u f w u w u∇ ε σ ∇
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p , dτ ρ
= Ω

⎡ ⎤+ ⋅ ⋅ ⋅ − − ⋅ Ω⎣ ⎦∑∫ u w u u f u∇ ∇ ∇ σ

(variational form of Navier-Stokes)

( ) ( )h h h h h
PSPG

1

1
0
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e

q p , dτ ρ
ρ= Ω

⎛ ⎞ ⎡ ⎤+ ⋅ ⋅ − − ⋅ Ω =⎜ ⎟ ⎣ ⎦⎝ ⎠
∑∫ u u f u∇ ∇ ∇ σ

(T. E. TEZDUYAR, 1992)

SUPG = Streamline Upwind Petrov/Galerkin

PSPG = Pressure Stabilizing Petrov/Galerkin
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SUPG/PSPG SUPG/PSPG FormulationFormulation

(Matrix form)

( ) ( ) ( ) ( )
( )

SUPG SUPG SUPG
T

PSPG PSP

SUPG

PSP G PSPGG p

+ + + − + +⎡ ⎤ ⎡ ⎤⎡ ⎤
⋅ =⎢ ⎥ ⎢ ⎥⎢ ⎥+ + +⎣ ⎦ ⎣ ⎦⎣ ⎦

K K G G f fu
G K G e e

N u N u
N u

Compact matrix form:

( ) =A x x b

Nonlinearity = Troubles!!!

Solution → non-linear methods.

Newton, Picard, Broyden’s, etc...

Rank problem solved with PSPG 
stabilization
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NonlinearNonlinear SolutionSolution ProceduresProcedures

Newton Method:

( ) 0≅N d

Considering the following non-linear
problem:

Performing Taylor series expansion:

( ) ( ) ( )* * ...∂≅ + +
∂
N

N d N d d d
d

Δ

Let (d*) be an approximation to the
exact solution (d), sucha that:

*≅ +d d dΔ

Substituting some terms:

( ) ( )* *∂− =
∂
N

d d N d
d

Δ

KT
r

KT = Jacobian matrix

r = nonlinear residual

Picard Method:

( ) 1 0i i+ ≅N d d

We have to solve:

( ) 0*
i ≅N d d

Consider the folowing linearized system:

( )1 1i *
i α α+ ≅ + −d d d

And update:

Where α is a relaxation or speedup
parameter: 0 1α< <
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““ClassicClassic”” Newton Newton MethodMethod

Δd
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(Iterative procedure)

=

Solve linear system:
i

TK d rΔ

+ = +

Update:
1i i id d dΔ

FOR i = 0 UNTIL CONVERGENCE DO

END FOR

=Initial "kick": 0 0d

( )τ τ Δ
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Convergence criteria:

 AND OR

Backtracking

Linear
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PropertiesProperties ofof NonlinearNonlinear methodsmethods

COMPUTATIONAL COST:
– Tangent matrix evaluation (Jacobian) at each nonlinear iteration;
– Locally linear system solution.

STABILITY AND CONVERGENCE
– NEWTON METHODS:

Quadratic for good initial solutions (kick);

– PICARD:
Linear asymptotic.

(Some considerations)
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OptimizationOptimization PossibilitiesPossibilities

Linear 
systems

• Iterative solvers;

• Tolerance
relaxation;

• Etc...

ConvergenceJacobian

• Do not update;

• Do not evaluate;

• Alternative
approaches;

• Etc...

• Incremental 
methods

• Globalization
with
(Backtracking);

• Etc...

Large scale
problems

• Parallelization

• Vetorization

• Both of them

• Etc...
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InexactInexact Newton Newton MethodMethod

)

( ) ( ) ( )
η
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+ ≤

Find and such that:0 1i i
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, d

N d K d d N d

Δ

Δ
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Update:
1i i id d dΔ

FOR i = 0 UNTIL CONVERGENCE DO:

END FOR

=Initial kick : 0 0" " d

iη → Forcing function



15

ForcingForcing FunctionFunction
(Linear (Linear tolerancetolerance))

( ) ( ) ( )
( )

1

1

i i i i
Ti

i
η

+

+
− + Δ

=
N d N d K d d

N d

(How to compute...)

Some possibilities:

( )
( )

1

1

i

i

i

α

η γ
+

+
⎛ ⎞
⎜ ⎟=
⎜ ⎟
⎝ ⎠

N d

N d

1a.)  Select any η0 ∈ [0,1) and choose:

2a.)  For γ ∈ [0,1) e α ∈ [1,2), select any η0 ∈ [0,1) and choose:

Our choice: 

α = 2 e γ = 0.99

(S. C. EISENSTAT & H. F. WALKER, 1994)
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InexactInexact Newton Newton withwith backtrackingbacktracking
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Newton
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Newton x Newton x PicardPicard

INEXACT NEWTON (IN)= The Jacobian matrix
is evaluated;

INEXACT PICARD (IP)= The Jacobian is NOT
evaluated;

Mixed method (n-IP+IN)= It is performed n
Picard iterations, then the Newton method is 
turned on;

(Mixed method – A proposal...)
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ComputationalComputational ResourcesResources

Cluster ITAUTEC Infoserver
do NACAD-COPPE/UFRJ.
16 nodes Intel Dual Pentium 
III with 1Ghz, 512 Mb of
memory and 256 Kb of cache, 
over Red Hat Linux platform;



19

RotationalRotational eccentriceccentric annulusannulus flowflow

| u | = 0

100 RPM

0.0

0.2

0.7

1.0

1.2

2.0

Borehole wall

Drill string
cross section
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SolutionSolution ProceduresProcedures
CLUSTER INFOSERVER ITAUTEC

REAL PROBLEM

DISCRETE PROBLEM 
PARALLELIZED

RESULT
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ParallelParallel IssuesIssues::
FEM FEM withwith MessageMessage PassingPassing

Preprocessing:
– Domain decomposition with METIS library;
– Reodering partitions.

Solution:
– Data distribution with MPI (MPI_BCAST, MPI_SEND ande 

MPI_RECV);
– Updates with MPI_ALLREDUCE.
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MeshMesh preprocessingpreprocessing
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PartitioningPartitioning data:data:

..........1

512 mb

2

512 mb

3

512 mb

node16

512 mb

6x6=36

node 1

6x6=36

node 2

6x6=36

Node 3

6x6=36

Node 4

1 2 3

512 mb X 16 = 8 Gb

node16

..........

..........

Cluster Itautec: 16 nodes with 512 mb per node

Node 4Node 3

node 2node 1

Avoiding memory loss:
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ValidationValidation
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RotationalRotational eccentriceccentric annulusannulus flowflow

(Results)
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Performance (Performance (SpeedupSpeedup))
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InexactInexact PicardPicard
HowHow it it worksworks......

Nonlinear iteration
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ResultsResults
(3D (3D parallelparallel inexactinexact--solversolver))

Velocity field Axial Velocity

Power Law (0.75)
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ResultsResults
(3D (3D parallelparallel inexactinexact--solversolver))

Streamlines Viscosity
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ResultsResults
(3D (3D parallelparallel inexactinexact--solversolver))

Dilatant

Velocity field
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NonNon--NewtonianNewtonian FluidFluid FlowFlow

(Comparatives)

Rotational Eccentric Anulus flow (2D section)
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MethodMethod comparativescomparatives IP, IN ou 5IP, IN ou 5--IP+INIP+IN
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ConclusionsConclusions

Parallel algorithms presented good performance;
Parallel non-Newtonian flow simulations are suitable to 
predict large scale problems, such as, well drilling;
Inexact Newton-type methods were faster than their
classic versions;
Implementation presented good agreement with
Ansys/Flotran commercial software;
Jacobian based in numeric derivatives presented
inconstant perfomance;
Among non-Newtonian fluids considered the Bingham
plastic was the hardest of being computed;
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